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ALGEBRAIC ELEMENTS OF THE CREMONA GROUPS
JE´RE´MY BLANC
Abstract. This article studies algebraic elements of the Cremona group. In
particular, we show that the set of all these elements is a countable union of
closed subsets but it is not closed.
1. Introduction
In the sequel, the ground field k will be a fixed algebraically closed field. The
Cremona group of rank n is the group Bir(Pn) of birational transformations of the
projective space Pn. There is a natural topology on it, called the Zariski topology
(see Section 2 for a precise definition).
An element ϕ ∈ Bir(Pn) is said to be algebraic if it is contained in an algebraic
subgroupG of Bir(Pn). This is equivalent to the fact that the sequence {deg(ϕm)}m∈N
is bounded (Corollary 2.9). We can also observe that G is in this case an affine
algebraic group [BF2013, Remark 2.21], so there exists a Jordan decomposition ϕ =
ϕsϕu, where ϕs, ϕu ∈ G are semi-simple and unipotent respectively. As observed
in [Pop2013, §9.1], this decomposition does not depend on the choice of G, so
there is a natural notion of semi-simple and unipotent elements of Bir(Pn). In
fact, the group G could even be chosen to be the commutative algebraic sub-
group {ϕi | i ∈ Z} of Bir(Pn) (Proposition 2.8).
In [Pop2013], V. L. Popov asks whether the set of unipotent elements of Bir(Pn)
is closed, as it is the case in all linear algebraic groups. This also raises the question
of knowing if the set of algebraic elements is in fact closed.
After giving some properties of the Zariski topology of Bir(Pn) in Section 2, we
describe in Section 3 two families of birational maps that give the following result:
Theorem 1. For each n ≥ 2, there are two closed subsets U, S ⊂ Bir(Pn), canoni-
cally homeomorphic to A1 and A1 × (A1 \ {0}) respectively, such that the following
holds:
(1) The set of algebraic elements of U is equal to the set of unipotent elements of U ,
and corresponds to the elements t ∈ A1 that belong to the subgroup of (k,+)
generated by 1.
(2) The set of algebraic elements of S is equal to the set of semi-simple elements
of S, and corresponds to the elements (a, ξ) ∈ A1× (A1 \ {0}) such that a = ξk
for some k ∈ Z.
In particular, the set Bir(Pn)alg of algebraic elements of Bir(P
n) is not closed
in Bir(Pn). Moreover, if char(k) = 0, the set of unipotent elements of Bir(Pn)
is not closed.
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Let us finish this introduction with some remarks:
(1) The set Bir(Pn)alg is a countable union of closed sets of Bir(P
n) (Proposi-
tion 2.11).
(2) We do not know if the set of unipotent elements of Bir(Pn) is closed
in Bir(Pn)alg (although it is not closed in Bir(P
n)).
(3) One can restrict ourselves to the subgroup Aut(An) ⊂ Bir(An) ≃ Bir(Pn).
Over k = C, it follows from [Fur1999] that the set of algebraic elements
of Aut(A2
C
) is closed in Aut(A2). The question is however open for An, n ≥
3.
The author thanks the referee for his careful reading and his corrections.
2. A few properties of the Zariski topology of Bir(Pn)
2.1. Families of birational maps and the Zariski topology induced. We
recall the notion of families of birational maps, introduced by M. Demazure in
[Dem1970] (see also [Ser2010], [BF2013]).
Definition 2.1. Let A,X be irreducible algebraic varieties, and let f be a A-
birational map of the A-variety A×X , inducing an isomorphism U → V , where U, V
are open subsets of A×X , whose projections on A are surjective.
The rational map f is given by (a, x) 799K (a, p2(f(a, x))), where p2 is the second
projection, and for each k-point a ∈ A, the birational map x 799K p2(f(a, x)) corre-
sponds to an element fa ∈ Bir(X). The map a 7→ fa represents a map from A (more
precisely from the A(k)-points of A) to Bir(X), and will be called a morphism
from A to Bir(X).
These notions yield the natural Zariski topology on Bir(X), introduced by M. De-
mazure [Dem1970] and J.-P. Serre [Ser2010]:
Definition 2.2. A subset F ⊆ Bir(X) is closed in the Zariski topology if for any
algebraic variety A and any morphism A→ Bir(X) the preimage of F is closed.
We can make the following simple observations:
Lemma 2.3. Let X,Y be irreducible algebraic varieties, let µ : X 99K Y and ψ : X 99K
X be birational maps and let m ∈ Z be some integer. The following maps are con-
tinuous
1) Bir(X) → Bir(X),
ϕ 7→ ψϕ
2) Bir(X) → Bir(X),
ϕ 7→ ϕψ
3) Bir(X) → Bir(X),
ϕ 7→ ϕm
4) Bir(X) → Bir(X)
ϕ 7→ ϕψϕ−1,
5) Bir(X) → Bir(Y )
ϕ 7→ µϕµ−1,
Proof. LetA be an irreducible algebraic variety. If f, g are twoA-birational maps f, g : A×
X 99K A ×X inducing morphisms A → Bir(X), then f ◦ g and f−1 are again A-
birational maps that induce morphismsA→ Bir(X). This shows that the map Bir(X)→
Bir(X) given by ϕ 7→ ϕm is continuous. Similarly, (id × ψ) ◦ f , f ◦ (id × ψ)
and f ◦ (id× ψ) ◦ f−1 are A-birational maps that induce morphisms A→ Bir(X),
so the maps Bir(X) → Bir(X) given by ϕ 7→ ϕψ, ϕ 7→ ψϕ and ϕψϕ−1 are con-
tinuous. The continuity of the last map is given in a similar way, by observing
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that (id× µ−1) ◦ f ◦ (id× µ−1) also yields a A-birational map that induces a mor-
phism A→ Bir(X). 
Corollary 2.4. Let ϕ ∈ Bir(X). Denote by F the closure of {ϕi | i ∈ Z} in Bir(X).
Then, F is a closed abelian subgroup of Bir(X).
Proof. The argument is the same as for algebraic groups or topological groups, and
follows from Lemma 2.3, which gives the properties needed for the proof. Let us
recall how it works.
1) For each j ∈ Z, the set ϕjF is a closed subset of Bir(X) which contains {ϕi |
i ∈ Z}, and contains thus F . This implies that ϕjF = F for each j ∈ Z.
2) Let us write M = {ψ ∈ Bir(X) | ψF ⊂ F} =
⋂
f∈F
Ff−1. Since M is closed
and contains {ϕi | i ∈ Z}, M contains F . This shows that F is closed under
composition.
3) Similarly, the set I = {ψ−1 | ψ ∈ F} is closed in Bir(X) and contains {ϕi |
i ∈ Z}; hence it contains F . The set F is then a subgroup of Bir(X).
4) It remains to see that F is abelian.
We denote by C(µ) = {ψ ∈ Bir(X) | ψµ = µψ} the centraliser of an ele-
ment µ ∈ Bir(X). Note that C(µ) is the preimage of the identity by the continuous
map Bir(X) → Bir(X) which sends ψ onto ψµψ−1µ−1. A point of Bir(X) being
closed by definition of the topology, this shows that C(µ) is closed.
Because C(ϕ) is a closed subgroup of Bir(X) which contains {ϕi | i ∈ Z}, it
contains F , so each element of F commutes with ϕ.
Finally, we write S = {ψ ∈ Bir(X) | ψf = fψ for each f ∈ F} =
⋂
f∈F
C(f),
which is again closed, contains {ϕi | i ∈ Z}, and thus contains F . This shows
that F is abelian. 
2.2. Reminders of results of [BF2013]. Recall the following natural construction
associated to Bir(Pn) (which is [BF2013, Definition 2.3]):
Definition 2.5. Let d be a positive integer.
(1) We define Wd to be the set of equivalence classes of non-zero (n + 1)-
uples (h0, . . . , hn) of homogeneous polynomials hi ∈ k[x0, . . . , xn] of de-
gree d, where (h0, . . . , hn) is equivalent to (λh0, . . . , λhn) for any λ ∈ k
∗.
The equivalence class of (h0, . . . , hn) will be denoted by (h0 : · · · : hn).
(2) We define Hd ⊆ Wd to be the set of elements h = (h0 : · · · : hn) ∈ Wd
such that the rational map ψh : P
n
99K Pn given by (x0 : · · · : xn) 799K
(h0(x0, . . . , xn) : · · · : hn(x0, . . . , xn)) is birational. We denote by pid the
map Hd → Bir(P
n
k ) which sends h onto ψh.
It follows from the construction thatWd is a projective space and that pid(Hd) =
Bir(Pn)≤d. Moreover, we have the following properties:
Proposition 2.6. [BF2013, Lemma 2.4, Corollaries 2.7 and 2.9]
1) The set Hd ⊂Wd is locally closed, and is thus an algebraic variety.
2) The map pid : Hd → Bir(P
n) is a morphism. It yields a map Hd → Bir(P
n)≤d
which is surjective, closed and continuous. In particular, it is a topological quotient
map.
3) A subset F ⊂ Bir(Pn) is closed if and only if (pid)
−1(F ) is closed in Hd for
each d.
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We also have the following description of algebraic subgroups of Bir(Pn):
Proposition 2.7. [BF2013, Corollary 2.18 and Lemma 2.19]
A subgroup of Bir(Pn) is an algebraic subgroup if and only if it is closed and of
bounded degree.
2.3. Algebraicity and boundedness of the degree sequence.
Proposition 2.8. Let ϕ ∈ Bir(Pn).
1) If the sequence {deg(ϕm)}m∈N is bounded, then {ϕi | i ∈ Z} is a commutative
algebraic subgroup of Bir(Pn).
2) If the sequence {deg(ϕm)}m∈N is unbounded, then ϕ is not contained in any
algebraic subgroup of Bir(Pn).
Proof. Proposition 2.7 directly yields 2). Let us prove 1).
We suppose then that {deg(ϕm)}m∈N is bounded. Because deg(ϕ
−m) ≤ (deg(ϕm))n−1
for eachm ([BCW82, Theorem 1.5, page 292]), the set {ϕi}i∈Z is contained in Bir(P
n)≤d
for some d. The closure F of {ϕi | i ∈ Z} in Bir(Pn) is then again contained
in Bir(Pn)≤d . By Corollary 2.4, F is a commutative subgroup of Bir(P
n) and is
then a commutative algebraic subgroup of Bir(Pn) (Proposition 2.7). 
Corollary 2.9. Let ϕ ∈ Bir(Pn). The following are equivalent:
1) The element ϕ is algebraic.
2) The sequence {deg(ϕm)}m∈N is bounded.
Proof. Directly follows from Proposition 2.8. 
Lemma 2.10. The Zariski topology of Bir(Pn)≤d is noetherian, i.e. every decreas-
ing sequence of closed subsets is eventually stationary.
This is not the case for Bir(Pn).
Proof. By Proposition 2.6, we have a map pid : Hd → Bir(P
n)≤d, which is surjective,
continuous and closed. The topology of Hd being noetherian (it is an algebraic
variety), the same holds for Bir(Pn)≤d.
The fact that the topology of Bir(Pn) is not noetherian has already being ob-
served in [PR2014]. It can be shown by taking a sequence {ϕi}i∈N of maps ϕi of
degree i. Then Fi = {ϕj | j ≥ i} is closed in Bir(P
n) for each i (follows from
Proposition 2.6) but the sequence F1 ⊃ F2 ⊃ F3 ⊃ . . . is not stationary. 
Proposition 2.11. For each integers k, d ∈ N let us write
Bir(Pn)k,d = {f ∈ Bir(P
n) | deg(fk) ≤ d}
Bir(Pn)∞,d = {f ∈ Bir(P
n) | deg(f i) ≤ d for all i ∈ N}.
Then, the following hold:
(1) The set Bir(Pn)k,d is closed in Bir(P
n).
(2) The set Bir(Pn)∞,d =
⋂
i∈N Bir(P
n)i,d is closed in Bir(P
n).
(3) The set Bir(Pn)alg of all algebraic elements of Bir(P
n) is equal to the union of
all Bir(Pn)∞,d.
Proof. By Proposition 2.6, the set Bir(Pn)≤d is closed in Bir(P
n) for each d. The
map Bir(Pn) → Bir(Pn) which sends ϕ onto ϕk being continuous (Lemma 2.3),
this directly shows that Bir(Pn)k,d is closed in Bir(P
n). This yields (1), which
implies (2).
Corollary 2.9 yields the equality Bir(Pn)alg =
⋃
d∈NBir(P
n)∞,d, which corre-
sponds to (3). 
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3. Two explicit families
3.1. A unipotent example.
Example 3.1. For n ≥ 2, let ρ : A1 → Bir(Pn) be the morphism given by
A1 × Pn 99K A1 × Pn
(a, [x0 : · · · : xn]) 799K (a, [x0x1 : x1(x1 + x0) : x2(x1 + ax0) : x3x1 : · · · : xnx1])
which corresponds on the affine open subset where x0 = 1 to the family of birational
maps given by
(x1, . . . , xn) 799K (x1 + 1, x2 ·
x1 + a
x1
, x3, . . . , xn).
Lemma 3.2. The map ρ : A1 → Bir(Pn) of Example 3.1 is a topological embedding.
Proof. The fact that ρ is injective can be directly checked on the formula given
above. We then consider the closed embedding ρˆ : P1 →W2 that sends [µ : λ] ∈ P
1
to
[µx0x1 : µx1(x1 + x0) : µx2x1 + λx2x0 : µx3x1 : · · · : µxnx1].
When µ = 0, this does not give a birational map of Pn, so ρˆ([0 : 1]) /∈ H2. However,
we have pi2(ρˆ([1 : t])) = ρ(t) for each t ∈ A
1, so the restriction to A1 yields a closed
embedding A1 → H2. It remains to show that the restriction of pi2 to ρˆ(P
1 \ [0 : 1])
is an homeomorphism, which is given by Proposition 2.6. 
Proposition 3.3. The morphism ρ : A1 → Bir(Pn) of Example 3.1 has the follow-
ing properties:
(1) For t ∈ k, the following conditions are equivalent:
(a) ρ(t) is algebraic;
(b) ρ(t) is unipotent;
(c) ρ(t) is conjugate to ρ(0) : (x1, . . . , xn) 7→ (x1 + 1, x2, . . . , xn);
(d) t belongs to the subgroup of (k,+) generated by 1.
(2) The pull-back by ρ of the set of algebraic elements is not closed if char(k) = 0.
Proof. (1) Proceeding by induction, the iterates of ρ(a) send (x1, . . . , xn) onto:
ρ(a) : (x1 + 1, x2 ·
x1 + a
x1
, x3, . . . , xn),
ρ(a)2 : (x1 + 2, x2 ·
(x1 + a)(x1 + a+ 1)
x1(x1 + 1)
, x3, . . . , xn),
ρ(a)m : (x1 +m,x2 ·
(x1 + a)(x1 + a+ 1) · · · (x1 + a+m− 1)
x1(x1 + 1) · · · (x1 +m− 1)
, x3, . . . , xn).
Then, the second coordinate of ρ(a)m(x1, . . . , xn) is∏m−1
i=0 (x1 + a+ i)∏m−1
i=0 (x1 + i)
.
If a does not belong to the subgroup of (k,+) generated by 1, then the denominator
and numerators have no common factor, for each m ∈ N, so the degree growth
of ρ(a)m is linear, which implies that ρ(a) is not algebraic.
If a belongs to the subgroup of (k,+) generated by 1, it is equal to k ∈ Z, and the
degree of {ρ(a)m}m∈N is bounded by |k|+1, so ρ(a) is algebraic. We can moreover
see that ρ(a) is unipotent. Indeed, ρ(a) is conjugate to
ρ(0) = (x1, . . . , xn) 799K (x1 + 1, x2, x3, . . . , xn)
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by
(x1, . . . , xn) 799K (x1,
x2
x1(x1 + 1) . . . (x1 + a− 1)
, x3, . . . , xn)
if a = k > 0 or by
(x1, . . . , xn) 799K (x1, x2 · x1(x1 − 1) . . . (x1 + a), x3, . . . , xn)
if a = k < 0.
Assertion (2) follows directly from (1) and the fact that the subgroup of (k,+)
generated by 1 is closed if and only if char(k) 6= 0. 
3.2. A semi-simple example.
Example 3.4. For n ≥ 2, let ρ : A1×
(
A
1 \ {0}
)
→ Bir(Pn) be the morphism given
by
ρ(a, ξ)([x0 : x1 : · · · : xn]) =
[x0(x1 + x0) : ξx1(x1 + x0) : x2(x1 + ax0) : x3(x1 + x0) : · · · : xn(x1 + x0)]
which corresponds on the affine open subset where x0 = 1 to the family of birational
maps
(x1, . . . , xn) 799K
(
ξx1, x2 ·
x1 + a
x1 + 1
, x3, . . . , xn
)
.
Lemma 3.5. The map ρ : A1 → Bir(Pn) of Example 3.4 is a topological embedding.
Proof. The proof is similar to the one of Lemma 3.2. The fact that ρ is injective
can be directly checked on the formula given above. We then consider the closed
embedding ρˆ : P2 →W2 that sends [µ : η : λ] ∈ P
2 to
[µx0(x1 + x0) : λx1(x1 + x0) : x2(µx1 + ηx0) : µx3(x1 + x0) : · · · : µxn(x1 + x0)].
These elements correspond to birational maps if and only if µλ 6= 0. Hence, we
have a closed embedding A1 × (A1 \ {0})→ H2 that sends (a, ξ) onto ρˆ([1 : a : ξ]).
Moreover, we have pi2(ρˆ([1 : a : ξ])) = ρ(a, ξ). The fact that the restriction of pi2 to
the image is a homeomorphism is then given by Proposition 2.6. 
Proposition 3.6. The morphism ρ : A1 → Bir(Pn) of Example 3.4 has the follow-
ing properties:
(1) For (a, ξ) ∈ A1 × (A1 \ {0}), the following conditions are equivalent:
(a) ρ(a, ξ) is algebraic;
(b) ρ(a, ξ) is semi-simple;
(c) ρ(a, ξ) is conjugate to ρ(1, ξ) : (x1, . . . , xn) 7→ (ξx1, x2, . . . , xn);
(d) There exists k ∈ Z such that a = ξk.
(2) The pull-back by ρ of the set of algebraic elements is not closed.
Proof. (1) Proceeding by induction, the iterates of ρ(a, ξ) send (x1, . . . , xn) onto:
ρ(a, ξ) :
(
ξx1, x2 ·
x1 + a
x1 + 1
, x3, . . . , xn
)
,
ρ(a, ξ)2 :
(
ξ2x1, x2 ·
(x1 + a)(ξx1 + a)
(x1 + 1)(ξx1 + 1)
, x3, . . . , xn
)
,
ρ(a, ξ)m :
(
ξmx1, x2 ·
(x1 + a)(ξx1 + a) · · · (x1ξ
m−1 + a)
(x1 + 1)(x1ξ + 1) · · · (x1ξm−1 + 1)
, x3, . . . , xn
)
.
ALGEBRAIC ELEMENTS OF THE CREMONA GROUPS 7
Then, the second coordinate of ρ(a, ξ)m(x1, . . . , xn) is∏m−1
i=0 (ξ
ix1 + a)∏m−1
i=0 (ξ
ix1 + 1)
.
If a does not belong to the subgroup of (k, ·) generated by ξ, then the denominator
and numerators have no common factor, for each m ∈ N, so the degree growth
of ρ(a, ξ)m is linear, which implies that ρ(a, ξ) is not algebraic.
If a belongs to the subgroup of (k, ·) generated by ξ, it is equal to a = ξk for
some k ∈ Z, and the degree of {ρ(a, ξ)m}m∈N is bounded by |k| + 1, so ρ(a, ξ)
is algebraic. We can moreover see that ρ(a, ξ) is semi-simple. Indeed, ρ(a, ξ) is
conjugate to
ρ(1, ξ) = (x1, . . . , xn) 799K (ξx1, x2, x3, . . . , xn)
by
(x1, . . . , xn) 799K
(
x1, x2
k∏
i=1
(ξ−i +
1
x1
), x3, . . . , xn
)
if k > 0 or by
(x1, . . . , xn) 799K
(
x1,
x2∏−k−1
i=0 (ξ
i + 1
x1
)
, x3, . . . , xn
)
if k < 0.
Assertion (2) follows from (1) and the fact that the subset of A1 × (A1 \ {0})
that consists of elements (a, ξ) such that a = ξk for some k ∈ Z is not closed. 
References
[BCW82] Hyman Bass, Edwin H. Connell, David Wright: The Jacobian conjecture: re-
duction of degree and formal expansion of the inverse, Bull. of the A.M.S. 7 (1982),
287-330.
[BF2013] Je´re´my Blanc, Jean-Philippe Furter: Topologies and structures of the Cremona
groups, Ann. of Math. 178 (2013), no. 3, 1173–1198.
[Dem1970] Michel Demazure: Sous-groupes alge´briques de rang maximum du groupe de Cre-
mona, Ann. Sci. E´cole Norm. Sup. (4) 3 (1970), 507-588.
[Fur1999] Jean-Philippe Furter: On the degree of iterates of automorphisms of the affine
plane, Manuscripta Math. 98 (1999), no. 2, 183–193.
[PR2014] Ivan Pan, Alvaro Rittatore: Some remarks about the Zariski topology of the Cre-
mona group. http://arxiv.org/abs/1212.5698.
[Pop2013] Vladimir L. Popov: Tori in the Cremona groups. Izv. Math. 77 (2013), no. 4, 742–
771.
[Ser2010] Jean-Pierre Serre: Le groupe de Cremona et ses sous-groupes finis. Se´minaire Bour-
baki. Volume 2008/2009. Aste´risque No. 332 (2010), Exp. No. 1000, vii, 75–100.
Mathematisches Institut, Universita¨t Basel, Spiegelgasse 1, CH-4051 Basel, Switzer-
land
E-mail address: jeremy.blanc@unibas.ch
